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THERMAL RELATTIONS FOR TWO-PHASE EXPANSION WITH PHASE EQUILIBRIUM AND
EXAMPLE FOR COMBUSTION PRODUCTS OF BORON-CONTATNING FUEL

By Leonard K. Tower

SUMMARY

Jet engine fuels containing boron form boric oxide (3203) when
burned. This substance can exist both as a liquid and a vapor at high
temperatures. If a portion of the BZO condenses during expansion, the
performance of the engine can be affec%ed appreciably. The physically
possible effect of condensation on performence is often bracketed by
assuming that expansion occurs either with no change in composition or
with equillibrium condensation.

One method of calculating the isentropic expansion process is by
means of equations relating pressure, temperature, and density. Commonly
used equations from engineering thermodynemics relating these wvarigbles
are not suited to the snalysis of an isentropic process involving equi-
librium condensation. This report presents equations relating tempera-
ture, pressure, and. density for an isentropic process with equilibrium
condensation.

The importance of using equations which properly describe this proc-
ess 1s emphasized by & calculation discussed herein of the isentropilc
variation of pressure with temperature involving combustion products of
boron. At the chosen condition, the coefficient for the isentropic vari-
ation of pressure with temperature was 5.8 with no phase change assumed
and 12.9 with condensation assumed to occur.

A procedure is given for integrating the equations involving pres-
sure, temperature, and density in order to analyze an expansion process.
An example in the form of a problem concerning the use of ethyldecaborane
in a ramjet engine serves to illustrate this procedure.

INTRODUCTION

The large heating values of boron-containing fuels offer the possi-
bility of improvement in the flight range of air-breathing jet engines.
The degree of improvement over hydrocarbon fuels depends in part both on
the thermal properties of the combustion products and on the nature of
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the expension process. The boron-containing fuels differ from conven-
tional fuels because they produce boric oxide (B,Oz), which can exist

simultaneously es a vepor and a liquid. If condensation of the oxlde

occurs during the expansion process, an apprecisble effect upon thrust
may be encountered under certain conditions.

The degree to which condensation occurs in actusl expansion processes
depends upon the rate of condensstion relative to the time of expansion.
In the absence of information on condensation rates it is customary to
bracket the reglon of probable performence with calculations that assume
either infinitely fast or infinitely slow condensation rates. These are
designated respectively as expension with equilibrium condensation and
expansion with no condensation.

Expansions with no condensstlon are readily handled and understood
by means of elementary thermodynsmic concepts. Expansions with equilib-
rium condensstlon are more difficult to hendle. It 1s important thet
performance calculations involving the assumption of phase equilibrium
be based upon correct equations and procedures.

The purpose of this report 1s to define certeiln properties for an
expansion process involving combustion products with equilibrium conden-
satlon. These properties are (1) the variation of pressure with density
at constant entropy (3P/dp).; ézg the veriation of pressure with tempera-
ture at constant entropy (0P/0T)g; (3) the variation of stream velocity
at constant entropy (dU)g. A numerical integration of these terms pro-
vides the pressure, tempersture, denslby, velocity, and local Mach number
gt any point during the expansion. A procedure for integrating these
terms is given, together with an exsmple of the snalysis of a specific
expansion condition.

The equations and procedure herein omit the effect of dissociation
of gases, Dissocistive reactions generelly assume importance only above
4000° R at pressures encountered in high-speed flight. TFor practically
all conditions where boron-carbon-hydrogen fuels might be burned in air-
breathing jet engines, saturation of the gases in the exhaust nozzle will
not ocecur until a temperature less than 4000° R occurs.

Previous reports present other methods whereby the expansion process
with phase equilibrium cen be analyzed. Reference 1 contains a general
procedure by which the nozzle outlet velocity can be cbtained for speci-
fied nozzle inlet conditions end expaunsion ratio. Isentropic expansion
can be consgidered for systems with compositions either frozen or in phase
and chemical equilibrium. In addition, reference 1 presents a procedure
for determining combustion temperatures which includes the effect of
dissociation.

«
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Because of the effort required In applying the procedures of refer-
ence 1 to specific performance calculations, the authors of reference 2
developed & simplified method for fuels containling boron, carbon, and
hydrogen burned in sir. The thermal propertles for combustion products
of certain stoichiometrically burned fuels are added to cbtain properties
for fuels countelning boron, cerbon, and hydrogen in any proportion and at
any equlvalence ratio. The propertles are in tebular form and also in
the form of pressure-enthalpy charts.

The charts of reference 2 include the effect of both vaporization
and phase change. In reglons where two phases are present, the charts
can properly be used for the specific fuels and equivalence ratios for
which they were calculated. The tebles of reference 2 neglect dissccia-
tion of geses, but they can be used to include the effect of phase change.
It is correct to add properties tebulated for combustion products of
specific fuels to obtain the properties for any boron-carbon-hydrogen
fuel when equilibrium phase change occurs. However, the determination
of conditions at many points in the expension process involves numerous
triel and error calculations. Furthermore, the Mach number cannot be
determined in a menner consistent with the assumed process of equilibrium
condensation from data contained in the tebles.

The equations and procedure in the present report provide a method
alternative to those of references 1 and 2 for celculating the expansion
process with equilibrium condensation of Bg0z. In anslyses where many
points during the expansion ere desired, this method msy prove more con-
venient than the others. Moreover, the equations presented herein greatly
aid in visuslizing the effect of condensation on the expansion process.

DISCUSSION

Since the purpose of this report is to define thermal properties
useful in snalyzing an isentropic expansion process with two phases in
equilibrium, these properties will first be listed. The isentropic vari-
ation of pressure with density is defined as

JP P
%), 75 2
where
T L T (2)
Xy
1 [l““l-x'v"('n_tr}v']
1-X,; AE\2
[ffr* = ﬁ)]
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and . _

e, _ cP/CV (3)
fr = 65766—:—1 fr

Symbols are defined in appendix A. The definitions of X, and the last

expression are described more explicitly in appendix B. The isentropic
variation of pressure with temperature is

where
2 _
cor o ()

€ =
1 Xy Al (5)
TT-x, \RT
The dilfferential form of the general energy equation for isentropic
expansion can be expressed as

(Uav) 4 = - lgﬁ'l ar = - g;-ﬂ a(1n P) (6)

The speed of sound is o . .
c = AfTP/p (7)
and Mach nunmber is merely
= U/ec ' ' (8)
Derivations of equations (2), (5), end (8) are collected in appendix C.

Equations (2) and (5) for Yy and &, respectively, are rigorous

where condensation is the only change in composition. If the composition

is assumed to be frozen during expansion so_that no phase change occurs,
those terms in equations (2) and (5) involving the heat of vaporization
AH, are zero. Equations (2) and (5) become 'the familier expressions

T = Yfr = (CP/cv)fr (9)

8%T
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from which

Yy
T -
o Yfr 1

is derived.

When values of 7y and ¢ computed for equilibrium phase change are
compared to Trp and. - for frozen composition, the marked effect of

condensation on the flow process is emphasized. As an extreme example,
consider the combustion products of boron at an equivalence ratio of 0.9,
a pressure of 1 atmosphere, and a temperature of 3960° R (not the flame
temperature). Assume that the combustion products are not dissocisted
at this temperature but that phase equilibrium exists. The ratio of
gaseous to liquid BoOz is then 2.102 at this condition. If expansion is

assumed to occur with no condenmsation (frozen composition), Tp. 8nd €q

from equations (9) end (10) =re 1.2083 and 5.802, respectively. If equi-
librium condensation is assumed during expansion, v and € from equa-
tions (2) and (5) are 1.1234 and 12.939, respectively.

Values of v and €& calculated from equations (2) and (5) include
the effect of condensetion, while the presence of dissoclated gases is
ignored. By means of the method presented in reference 1, hoth phase
change and recowmbination of dissociated gaeses can be evaluated, although
grester effort is involved than in the use of equations (2) and (5). For
the example under consideration, v is 1.1214 snd & 1is 13.091 if both
phase change and recombination of dissociated products are included.

These values agree reasonably well with the values neglecting dissoclation
calculated by use of equations (2) and (5). For the combustion products
of most boron-conteining fuels, saturated mixtures of B0z vapor to which
equations (2) and (5) are appliceble can exist only under conditions where
dissociation is small.

By means of equations (2), (5), and (6), expansion processes involv-
ing equilibrium phase change can now be analyzed with the assumption that
gaseous products are not dissociated. For smell intervals of the expan-
sion process, pressure and temperature do not change grestly. Both 1y
and €& can then be treated as constants in the interval. ZEguations (l),
(4), and (6) can then be integrated for this small interval to give these
equations:

P,/By = (py/oy)" (12)
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(13)

(14)

These computations are repeated for the nuniber of intervals Into which
the expension is divided, with y end & “recalculated for each interval.

EXAMPLE

An example is included to illustrate the manner in which the equa-
tions developed herein are used to analyze a one-dlmensional expansion
with phase equilibrium. The example shows the effect which the assump-
tion of equilibrium phase change has on the expansion process.

Consider the following problem: a ramjet engine burning ethyldeca-
borane fuel operates at 60,000 feet, a flight Mach nunber of 4.0, and an
equivalence ratio of 0.6. Inlet and dlffuser pressure recovery is 0.443,
and combustion efficiency is 1.00. Combustor inlet Mach number is 0.175.
Flameholder drag is neglected. The exhaust-nozzle outlet temperature and
velocity are desired for isentroplc expansion to amblent pressure with
equilibrium condensstion. Also desired are nozzle contours required for
(1) constent change of veloclty with distance along the nozzle and
(2) constant change of Mach number with distance along the nozzle.

Charts and procedure discussed in appendix D were used to determine
conditions at the combustor outlet. The combustion temperature and pres-
sure were found to be 4400° R and 4.524 atmospheres, respectively
(l atm = 2116 Ib/sq ft). Dissociation of gases was neglected in this
calculation. Since no condensed BpOz was present at the combustor outlet,
the condition in the nozzle at which condensation became possible was
found by a procedure in appendix D. For convenience in discussion, this
condition where condensation can theoretically begin ie referred to as
nozzle stetion 1. Subsequent stations for the stepwise calculetion in
the condensed region are referred to as 2, 3, 4, and so forth. Eight
steps were used to calculate that portion of the expension process after
the theoretical saturation point. The nozzle inlet was designated as
station C, the nozzle outlet as station D.  Nozzle station 9 thus corre-
sponds to the nozzle outlet, station D.

Velues for P, T, U, c, M, v, and €& for station 1 onward are pre-
gented in teble I. The detailed calculations shown in teble II ar'e dis-~
cussed more fully in appendix D. By following the headinge of teble II
the reader cen meke similar calculations for other conditions and other
fuels containing boron, carbon, and hydrogen.

QF7+
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Observe in teble I that two stations, 1 and 1(a), are shown to have
the same condiltion of static tempersture and pressure. The temperature
at station 1 wes assumed to be Infinltesimally sbove the tempersture
where condensation starts in this particular case. That at station 1(a)
was assumed to be infinitesimelly below the condensation condition. Sharp
discontinuities in v and & result because of the sudden sppearance of
terms containing AR, in equations (2) and (5) with the onset of conden-
sation. The stream properties P, T, and U are the same at stations 1
and 1(a). However, the sonic velocity and Mach number jump because of
the discontinuity in ty with the onset of condensation.

Between stations 1 and 1(a) there is a 100-percent increase in &
for equilibrium condensation over the value for no condensation at the
same temperatures. There is an 8-percent decresse in 1 for the same
clrcumstances.

Prom the data of teble I were computed the nozzle contours required
for Elg constant change of veloclty with distance along the nozzle axils
and (2) constant change of Mach number with distance. The nozzle was
assumed to be of eircular cross section and 2 feet long. The nozzle
radius required to pass 1 pound of mixture per second is shown plotted
ageinst axisl distance for both cases in figure 1. Also shown 1n filgure
1 is the nozzle contour for constant increase of velocity with distance
if no condensation were to occur.

For the case of constant Mach number increase & procedure in appendix
D avolds & discontinuity in the nozzle contour between stations 1 and 1(=).
Such & discontinuity would otherwise result from the sudden increase in
v caused by the onset of condensation. Between the nozzle inlet (station
C) and station 1 the value of €p. used In computing stream velocity
from equetion (14) is assumed to be 5.15, while 7yp,. i1is assumed to be
1.24 in equation (7) for the speed of sound. The flow areas and Mach
numbers between station C and the saturation condition celculated using
these values of Yoy and €, B8Esume no dissociation of gases. Incor-

porating the effect of dissocilation between these stations changes the
flow areas and Mach numbers very slightly in this perticuler example.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, March 15, 1957
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APPENDIX A

SYMBOLS
specific nozzle area, sq £t/(1b/sec)
constant in expression for molar entropy
constant-pressure specific heat of substance, Btu/(1b mole)(°R)
local speed of sound, ft/sec

constant-pressure specific heat of combustion products at constant
composition, Btu/(1b)(°R)

constant-volume specific heat of combustion products at constant
composition, Btu/(1b)(°R)

gravitational constant, 32.17 ft/sec2

total enthalpy of combustion-product constituent (sum of chemical
energy and sensible enthalpy), Btu/lb mole

heat of vaporization, Btu/lb mole

total/enthalpy (sum of chemical energy and sensible enthalpy),
Btu/1b

heat of combustion of fuel, Btu/lb

conversion factor, 778.16 ft-lb/Btu

distance along nozzle axis, %

Mach number, ratio of stream velocity to local speed of sound
molecular weight, 1b/1b mole

mesn molecular weight of combustion products, 1b/lb mole

number of moles

nunber of moles of combustion-product constituent resulting from
burning fuel stoichiometrically in 1 pound of =ir

static pressure of combustion products, atm (1 atm = 2116 1b/sq £t)

872¥
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partial pressure of combustion-product constituent, atm

R ges constant, 1.88718 Btu/(1b mole) (°R)

s entropy of substance, Btu/(1lb mole) (°R)

s entropy of mixture of materials, Btu/CR

T static temperature, °R

U axial stream velocity, ft/sec

v volume of mixture of combustion products, cu £t

W weight, 1b

X nunber of moles of constituent divided by total moles of gas and
vapor

T coefficient for veriation of pressure with density at constant
entropy

3 coefficient for variation of pressure with temperature at constent
entropy

g arithmetic average of & over temperature interval

p density, 1lb/cu ft

& equivalence ratio, actual fuel-sir ratio divided by stoichiometric
fuel-air ratio

Subscripts:

8 air

B combustor inlet

C combustor outlet or nozzle inlet

c condensed phase

D nozzle outlet

T fuel

fr no change in composition (frozen composition)
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noncondensing gases only, vapor of condensing meterlal excluded
all geses, including vepor of condensing material

all materiasls, including condensed phese _
constant pressure

constant entropy

PV

stoichiometric

constant tempersture
vapor phase of condensing material . .
adjacent stations in flow

stoms of boron, hydrogen, and carbon, respectively, in fuel
formula By HpC)\ _ B

stations in nozzle after condensation begins
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APPENDIX B

RETATIONS FOR ONE-DIMENSIONAL ISENTROPIC EXPANSION WITH
NO CONDENSATION AND NO DISSOCIATION

This appendix discusses the definitions of y and e for the isen-
troplc expanslon of two-phase systems with no condensstion. Similar
material has been presented elsewhere (ref. 3), but the topic is dis-
cussed here beceuse some of the terms derived are required in the analy-
sis of equilibrium condensation in appendix C.

Consider e mixture of ideal gases conteining finely divided condensed

materiel too large for Brownlen motlon. The ideal gas law gpplied to the
gases in the mixture is

PV = RJTZn4 (B1)
The density of the mixture including the condensed phase is

p = Znym [V (B2)

provided the volume of the condensed phase is negligible compared to that
of the gas. Substituting equation (B2) in equation (Bl) gives

3 2yt

z
E o RyT ok (83)

The term anmk/Zni can be regarded as m,, the mean molecular weight of

the mixture of gases and condensed material, as contrasted with the mean
molecular weight of the gases alone, which is defined as Znym;/Zny.

The derivative (3P/dT), i1s found by considering the general expres-
sion for reversible entropy change

Var (B4)

Tds = dh - T

If composition is fixed (no condensation) and there is thermal equilibrium
between particles and gas,

dh = Zn, (09), 4T (85)

Set ds equal to zero. Then combine equations (B3), (B4), and (B5) to

obtalin
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op p 21y (CP)y
(Sﬁ)s,fr T R2ny ) (z6)

Equation (B8) can be expressed somewhat differently. ILet the mole
fraction for all constituents including the condensed phase be defined as
X = nk/Zni. The number of moles of condensed material is not included in
the summation 2Zn;y. For this reason, ZX, = 1 + X;. This convention,
used throughout the remainder of this report, gives

P _ZE (B p |
OT = R T fr
s,fr

=

The derivative (OP/Op), can be found by differentiating the loga-
rithm of equation (B3) with respect to density at constant entropy with
Zmm  constant for a given weight of mixture:

dp P, P (or\ (3p N
@ -3 @E -G, -

For frozen composition (dZny/dp)g is zero. Combining equetions (B6) and

(B8) gives

3P __op [ EoloR) p o
(ﬁ)s,ﬂ“*fa- T (08T, - R | o (29)

Thus, for frozen composition

_ 2y, (CB)y /Zmy
Tor ” [EarTED) o] - B, (210}

The numerator of expression (B1O) is cp and the denominator is cy for
8 unit welght of the mixture of gases and cohdensed material. The defini-
tion of for the case of frozen composition is thus extended by equa-
tion CBlO to include the situation of small particles in velocity and
temperature equilibrium with the gas.

Equation (B10) expressed in terms of mole fraction is

Trr 73X Q) - R

(B11)

Cizad



4248

NACA RM ES7C11 -

Equaetions (B7) snd (Bll) can be combined to give

Ver
fr — Ter = 1

Only by specifying frozen composition is the relation between ¢
obtained as given by equation (B12).

(B12)

and 7t
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RELATTONS FOR ONE-DIMENSIONAI, ITSENTROPIC EXPANSION WITH
PHASE CHANGE OF ONE CONSTITUENT AND NO DISBOCIATION
In this sppendix, equations (2}, (5), and (6), for y, &, and 4U,

respectively, are derived. These expressions pertein to two-phase isen-
troplc expension wilth phase equilibrium.

Derivation of &

It is convenlent to derive €& first. The result can then be used
to find y. For a fixed mass of material with gases behaving ideally,

s = Zmy 8 (cu)

where the summstion over k +terms includes the condensed phase and its
vapor as well as the noncondensing gases.

Por the noncondensing gases snd the vapor phase of the condensing
material, collectively represented by the subscript i,

(c2)y |
8 = = QT - R 1n'py + 8y (c2)

For the condensed phase the entropy cen be considered nearly independent
of pressure. Hence (see ref. 4),

CD)e
f( —— 4T + &, (c3)
In an isentroplic process
ds = O = Zny 6, + Z8 dny (c4)

Representing both Sy and ny eas functlons of the temperature and
pressure of the system ylelds :

e - (508) 2 + @23)1: o os)

8veT
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and
o o
d.nk=(-af-]5> d.P+(;5) aT (cs)
Plp T /p
Combining equations (C4), (C5), and (C6) gilves
3 o
ol o)
(E’P = e it (c7)

ST). T T S
L )
T T

If equation (C7) 1s to be valid, the particles must be in thermal equi-
librium with the gas and vapor.

The derivatives are now evaluated. First find 21, (38, /3P)p. From

equations (C2) and (C3)
(gi_i)T - :;1 (?]})T (ce)

and (38,/3P)q = O. The partial pressure of & constituent in & mixture
of ideal gases is

p; = Pny/Zn, (co)

Where

Zny = ny + Ing (c10)

Assume that neither ng nor an- changes for the noncondensing gases.

Differentiate the logerithm of equetion (CS) for the vapor phase and
combine the result with equation (ClO) to obtain

1 {9pv 1 1 [ony 1 [ony
o (ap—)T =F ¥ n—v'(aa—)T " Tn, (&")T (c12)

However, the partial pressure of a saturated vapor behaving as an ideal
ges is a function of temperature only. The relation 1s known as the
Clausius-Clapeyron equation (see ref. 4). In reference 4 it is shown
that (3p,/dP)p -0 if the molar volume of the liguid becomes negligible

compared to that of its vepor. Equation (Cll) then gives
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@;—V)T - - Ry (c12)

vhere X, = nV/Zni. For the noncondensing gases, differentiation of
equation (C9) and substitution of equation (Cl2) yield

dp X 1
L (), - 3+ sy - m ey (c13)

Finelly, since (3p,/OP)p 1is zero,

), = - B gy

Substituting for Zn, from equation (C10) results in

an<§i)T - %— Zng (c14)

The term Z8(dny/dP)p of equation (C7) is considered next. The

mole numbers of only the condensed phase and 1ts vapor are assumed to
change. The relation between moles of liquid and moles of vapor i1s

- dne.. Then
dn. o
zsk(ﬁk)T = (8y - ) (%)T (c15)
But
Sy - 5 = AEV‘/T (ClG)

Equation (Cl6), together with equation (012), when substituted in equa-

tion (Cl7) gives
Oy BAR
zsk(?P—)T = G

z:sk(B nk) = R;" iAf["]/sT) (c17)

which can be written

i 8’;?3’5"
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The term 28, (dnm/0T)p of equation (C7) is now considered. Differenti-
ate the logarithm of equation (C9) for the vapor phase with respect to
temperature:

1. (v 1 (Chy 1 [Chy
Py 5Tl'—)lv o, B—T—)P " Zng BT—)P (c18)
This yields finally
an) __ my fan>
(5, - mo® > ()

For a liquid surface in equilibrium with its vapor, the Cleusius-Clapeyron
equation is

dpy _ pyAR,
aT - RT2

(c20)

if the molar volume of the liquid is negligible compared to that of its
vapor (see ref. 4). This expression is applicable to vapors behaving as
ideal gases. If the radii of the liquid surfeces are.not too smell, the
value of AH, can be taken as thet of a flat liquid surface. For in-
gtance, the surface energy of a drop ass smell as 2.2¢10-6 centimeter is
negligible (ref. 5). The ratio of vapor pressures of the small drop and
the flat liquid is a function of surface energy of the small drop (ref.
4). Therefore particles as small as 2.2X10-8 centimeter have nearly the
same vepor pressure as the flat surface. Substituting equation (C20) in
equation (Cl19) results in

on. v
(WV>P - priam/an) }/::T) (c21)
Because only n, and n. change,
o )
ZSK(E'ZEL = (S, - sc)(g-;-"-)P (ca2)

Substitution of equations (C16) and (C21) in equation (C22) gives

(Bnk> _ Boy(AB,/RT)2

PR ST . =TI ) (c23)

The term Zm (38, /3T)p of equation (C7) cen now be found. From
equations (C2) and (C3),
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o8 (3p.;
(), - @ur-2E)

and - (C24)
(), - @

for any constituent. From equation (C9)

A,
g \OT p  Zog\oT Jp Iy \OT Jp

for noncondensing gases. This expression, together with equation (C18)
and equations (C24), upon summstion yields . ' S

|8WF

3
an(B;E)P = 2y (CB) /T (ces)

Substituting equations (Cl4), (C17), (C23), and (C25) in equation (C7)
yilelds ;

2oy (CB)y Rn_ (AR, /RT)Z .

(gg) _ T (L - X,)
)y " " Rg, , EvlE/RI)
PN TE(T - %)

Let Xy = nk[Zni for any constituent including the condensed _
particles; then _ _ -

(c28)

(), -2 L 3%, 09), + T (4, /R
ot . 1+ 1—¥Y§;.@AHV/RT)

=}

In appendix B it is shown that if the composition of a mixture of gases
and condensed particles 1s frozen (no change in composition)

= f - o
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Rewrite equation (C28) as

XV
efr + 1 - XV (AH‘V/RT)Z

L+ l}_{—"xv- (AR, /RT)

(5)

Observe that gp. in equation (5) must be evaluated by insertion of those

values of the Xy's required for phase equilibrium at the temperature
and pressure in gquestion.

Equation (5) was derived on the assumption that the mixture was
saturated so that B,Oz condensed. TIf the mixture 1s superheated or if

expansion is frozen, no B0z condenses, and the heat of vaporization is
not recovered. Equation (10) in the DISCUSSION results.

Derivation of

Consider equation (B8), the differentisl form of the ideal gas law:

3r\ _p, p[ar P (32ni>
==+ 5 + 50— 55— (B8)
<§E)s o T (56)5 Zng e /s
From equation (ClO) write the last derivative in equation (B4) as
oZny ony) (3p
( Sp )s B (B-P—)s 35 s (027)
Since ny = n,(T,P),
dnyy ony ony\ [T
), - &) - GE), 20

Now, (JP/dT), has been evaluated in equations (C26) and (5). It can be
expressed as (JP/OT)y = eP/T and the other derivatives of equation (C27)
are given by equations (Cl2) and (C21). With these substitutions equa-
tion (C27) becomes

&), - w)®), e
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Alsoc,

7P
e
)

Il
TN
Ay
E“’,
TN
81
—

= é%.( P)s (039)

Substituting equetions (C29) and (C30) into equation (BB) and solving
for (0P/dp), glves ' K _

BP)
= C3l
(35 8 p XV - -]-'- l P + 1 (cen)
Sl R s
Eliminating & by means of equation (5) gives
JoP P s
= , — c32
®), & =N\ (cs2)
N T = G \RT

1T e (37

Finally

reF (%E)s T lTl i = (A_E)z] o

1 - X, ¢ 1 - Xy \RT
or

1 (C338)

; L [1+1}-CVXVA"§-‘["L)]2
B

RT

The speed of sound in a region of phase change is then

of =g (c34)

8%V
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Equation (C33) was derived by assuming that the Bo0z present con-
denses., If the mixture is superheated or if expansion is frozen, the
terms X,/(1 - X,) and XAH/RT(1 - X,) in equation (C31) both vanish,
since they result only from considering condensation. Equation (9) in
the DISCUSSION then replaces equation (C33).

Differential Form of Genersl Energy Equation

For an edigbatic process the general energy equation is
(U?/2g7) + (b/fngm) = Constant (c35)
This can be differentiated to give
Udu
o (c36)

For an isentroplc process, equations (Bl) aend (B4} give

T2
8

Combining equations (C36) and (C37) gives

_ J (3n In; gp
(Ud-U)s = - Z‘Eﬁ (FP)S dP = -gJRT EEI_;-H—E{_ 5 (038)

But if my 1s defined as Zngm/Zn;, equation (C38) becomes

(vav), = - i%‘ a(1a P) (c39)

Another form of this expression results from coumbining equation (C39)
with equation (4):

(vav), = - B35% ar (c40)
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CALCULATION OF THE EXAMPLE

The calculation of the example consists of three parte. First, the
combustor outlet conditions are determined. Second, the conditions in
the nozzle st the theoretical saturation point are found. Third, the
conditions through the remeinder of the nozzle with éﬁuilibrium condensa-
tion are determined by a series of stepwise calculations based upon the
equations developed herein. -

Conbustor Outlet Conditions

The composition of the burned mixture, neglecting dissociation, is
found as follows. The chemical formuls of a fuel or mixture of fuels
contalning boron, carbon, and hydrogen can be represented as BgHgCy,
vhere o, B, and AN 8are integers or decimgls. The atom fractions are
then: for boron, af/(x + B + A); for hydrogen, 8/(a + B + \); for carbon,
A(a + B + A). These atomic ratios and the trianguler chart of figure 2
are used to find the moles qézos of B50z, nﬁzo of HZQ? end néoz of CO2

formed by burning the fuel stolchiometrically in 1 pound of air. The
composition for all equivalence ratios less than stolchiometric is then

: }

quzos moles B,0,/1b air

&n’! moles H,0/1b air
PH0 20/ 10 i

1
@ncoz moles COz/lb air

0.00726(1-%) moles O5/1b air
0.02740 moles No/1b air

The stoichiometric fuel-air ratlo used in computing ¢ can be found by
means of the stom fraction and figure 3.

For ethyldecsborane (BjoCsoHjg), the fuel considered in the example,

the atom ratios are 0.333 for boron, 0.800 for hydrogen, and 0.087 for
carbon. From filgure 2 the stolchiometric mole numbers are found to be:
qézos, 0.00258; nﬁzo, 0.00466; and néoz, 0.00103. From figure 3 the

stolchiometric fuel-air ratio is found to be 0.0778.

iy

-BWZ(?IP:
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If the combustion temperature 1s less than the saturation tempera-
ture for B0z vapor, both condensed and gaseous B0z will be present.

The criterion for the presence of the condensed phase 1s as follows:

nézosP/z Dy 2 Py (D1)

where
- 3 -

Iy = @(ngzos +ofo + néoz) + 0.00726 (1 - ®) + 0.02740 (p2)
The vepor pressure is plotted ageinst temperature in figure 4. If in-
equality (DL) indicates no condensed materisl, the amount of Bz03z vapor
is merely

n, = $n} , moles/lb air (D3)
273

If the inequality indicates condensed material, the amount of B0z vapor
is

__p‘_.‘éng
= D4
nV' P - P'V' ( )
where

an = Zny - @n:ézos (D5)

and the amount of condensed By0z is merely
n, = &n - . (Ds)
c B0z Oy (
The amount of noncondensing gases and B0z vapor is
Zng =Zng + ny (D7)

The total enthalpy of the burned mixture for a fuel containing boron,
carbon, and hydrogen is then

W.
(L v _W-E)hc = nc(H%)Bzos:c * nV(H%)BZOS:V * énﬁzo(H‘%)HZO " Qnéoz(H%)COZ ¥

0.00726(1 -@)(H%)oz + o.ozmo(frg)Nz Btu/1b air (D8)




Total enthalpies of the constituents are plotted in figure 5. They in- -
clude chemical energy. Data for BoOz are from reference 6, while date

for the other materisls are from reference 1.

Conservation of energy across the combustor is expressed as : S

<h + ;—z hf)B + ;lg:f = (1 +;§) (hc +_§3) (p9)

" VeV

Enthalpy of air is given in figure 6. Enthalples of _some fuels of inter- T
est teken from reference 2 are as follows: ' |

Fuel Formule Phase | Tempera- | Assigned
ture, enthalpy,
°r be,

Btu/1b

Boron B Crystal | -c-cmau- 28,843

Diborane BoHg Gas -} 536.7 36,575

Ethyldecaborane BlOCZHiB Liguid . 536.7 36,263
Hydrocarbon CxHox Liguid 20,000 —_

fuel -

Peuntaborane BgHg Liquid . 536.7 | 33,828

Enthalples of other fuels containing boron, carbon, and hydrogen in known -

proportions and having experimentally determined or empirically calculated
heats of cowbustion can be found from the equation

hy = Ah + [(ntﬂg)B 0 + (nt HT)H o + (n' H,%)CO - ooo*zzs(ag) ]
8 st

For heats of combustion determined at 298.16° K (536.7° R), (15[%)02 is
24.642 Btu/lb mole, (H%)co 1s 4.026 Btu/1b mole, (BR)p,0z(crystal)
is 91.605 Btu/lb mole, and (E%)Hzo(vapor) is 24.642 Btu/lb mole. -

Conbustion pressure Py and velocity Uy required to evaluate ex-
pressions (D1}, (D3), end (D9) are found by means of the momentum
equation

U, l+UB( )] W. E’T'
_C gJ \RT =<1+ f) o D10)
UB[1+E_(mm)] e g, ( .
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and the continuity equation

Py W m gy
B (1 + WE—) PpUp <§%)B = PgUg (ﬁ)c (D11)

where the static-pressure loss due to flameholder and combustor wall
friction 1s represented by the ratio BE/PB. The mean molecular weight

m, of the combustion products &t station C can be expressed as

Op,c = 69.64(Xc + XV) + 18.016 Xﬁzo + 44.01 XCO2 + 32sz + 28.016 XN?

(D12)
Also, (R/mg)p is 0.06888 for the air composition assumed herein.

The determination of the combustion temperature requires that equa-
tions (D9), (D10), end (Dll) be satisfied. Furthermore, if inequality
(D1) shows the presence of condensed BoOz, the proper smounts of n,
and n, determined from equations (D4), (D5), and (D6) must be used in
equation (D9). The solution for a single combustion temperature may
require several iterations.

For the example being considered the combustor inlet temperature
Tg was found to be 1590° R, while the inlet pressure was 4.747 atmos-

pheres. By iteration of equations (D9), (D10), and (D1l) the flame tem-
perature To was found to be 4400° R neglecting dissociation. Velocity

UC was 980 feet per second, and pressure Py was 4.524 atmospheres.
Since inequality (DL) revealed that no condensed Bo0Oz was present, the
saturation condition for B;Oz mey be reached in the expansion process.

Conditions in Nozzle at Saturation

The pressure and ftempersture at the saturation point can be found
from conditions at the combustor outlet. For the combustion temperature
Tc end the parameter @nﬁzos Pb/an, the ratio Pl/PC is read from
figure 7. The ratio Tl/ib cen be calculated from equation (13) using
ean & of 5.15. The subscript 1 refers to the condition where satura-
tion is reached. For the example herein énfézos Pc/z:nk is 0.199. This
value, together with the combustion temperature of 4400° R, determines a
P1/Pg of 0.637 and & T)/Ty of 0.916. Thus P; and T; are 2.885
atmospheres and 4032° R, respectively.

If the inequality (Dl) shows the presence of condensed BgOz at the

combustor outlet conditions, figure 7 cannot be used. The derivation
of the equation from which figure 7 is constructed appears st the end of

this appendix.
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Expension with Phase Equilibrium

The equetions developed 1n appendixes B and C are used to calculate
conditions through the region of phase change in the nozzle. The detailed
calculation procedure is 1llustrated in table IT. The reader, by follow-
ing the headings of table II, can make similer calculations for lsentropic
expansion with phase change. Alternate procedures sre provided in table
IT for those cases where the mixture is superhested and those cases where
the mixture is saburated. A test is provided for determining which case
is present at any condition. " -~ :

At the precise point where the condensgtion can commence, the com-
putation can be umade either way. The temperature snd -pressure in rows 1
Bo0z shows this to be the condition where saturation is reached. This is
a consequence of having used figure 7 to determine the saturation point
for the example. Row 1 was worked assuming that the test for condensed
material showed the mixture to be very slightly superheated. Row 1(a)},
for the same btemperature and pressure as row 1, was worked with the
assumption that the mixture was very slightly below the point of satura-~
tion. Column 15 of tegble II can be expressed as

Xy (CB)y

= 1 o oy U " O
= = §[XV(CP)B205’V + X (Op)B,05 o + Xp0(CR)my0 *

Xco0,(CB)co, + ¥o,(CB)o, 'E_;XNZ(C‘CE)’)NZ"] (p13)

The varlatlon of the constant-pressure specific heata__cg with tempera-
ture for the products 1s given in figure 8.  Inspection of column 15 in
table II shows that summation (D13) could have been approximated by a
value of aboubt 5 over the entire range of conditions in the table. Values
of AH,/RT for By0z, column 16, are shown in figure 9 as a function of
temperature.

Celculation of Nozzle Tontours

Consider the case of constant change of velocity with Mach number.
The distance from the nozzle inlet to any station n for a8 nozzle 2 feet
in length is ! _

B 2 e

For the case of constant change of Mach number with length there is
8 discontinulty in Mach number at the point of condengation. This is

circumvented by calculating the distance Zn as follows

892,
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- MC (Mﬁ - MC)

Derivation of Equetion Used to Construct Figure 7
If inequality (D1) shows no condensed B0z at the combustor outlet,

the partial pressure of B0z in the nozzle can be represented at any
point down to the saturation condition by

@nézosP
an

At the saturation point (station 1) the partial pressure is equal to the
partial pressure of the vapor in equilibrium with the condensed phase.

The latter cen be represented approximately over quite a range of temper-
ature by

14.87 - 68,300/T
e ) / 1

Equating these expressions for the saturation point gives

1
P
®™B05°1  14.87 - 68,300/T,
o - °© (D14)

Assume that compositlon does not chenge between station C and station 1.
It is then possible to define a mean €p,. for this interval such that

To/Ty = (Pc/Pl)l/Efr

Equation (D14) can then be rearranged as

1/%¢
68,300 o
- __4__q<3
#1g.0:Fc g 14.87 )

o = B e (D15)

A constent value for Tpp ©Of 5.15 was chosen in constructing figure 7.
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TABLE I. - PROPERTIES OF EXPANDING COMBUSTION PRODUCTS AT POINTS

WITHIN REGION OF BORIC OXIDE (B50z) CONDENSATION

Nozzle |Static |Static [Veloc- |Speed |[Mach Coefficient |Coefficient

sta- pres- |temper-|ity, of number, |of pressure- |of pressure-

tion, |sure, [ature, U, sound, M density temperature
1 P, T, ft/sec}| e, veriation, |variation,

atm °R ft/sec '3 €

1 2.885 | 4032 2705 | 2910 |0.9296 1.253 4,947
1(a) |2.885 | 4032 2705 2787 .9706 1.149 10,048
2 1.817 | 3851 3634 | 2709 {1.341 1.151 9,584
3 l.144 | 3670 4325 | 2636 |1.641 1.156 8.978
4 . 720 | 3486 4880 | 2568 |[1.900 1.166 8.090
5 454 | 3293 5341 | 2507 {2,130 1.183 7.045
6 .286 | 3084 5738 | 2445 | 2,347 1.207 6.071
7 .180 | 2858 6090 | 2378 | 2,565 1.230 5.408
8 113 | 2622 6409 2287 | 2.802 1.244 5,115
ag 0712 | 2396 6689 | 2181 |3.053 1.250 4,993

SNozzle outlet, station D.




TABLE IT. - CALCULATION PROCEDURE FOR ISEETROPIC EXPANSION FROCESS WITH BQUILIERIUN CONDERSATION

Rossle] 1 2 5 + 5 | 6 | 7 | 8 8 | 8 5 10
gta~
won, [ P, T, *emp g [ oy Ie (5) B (4) I (5) 5 (4) | Xy X,
| atm 1|y [, ), (6)/{8) | (7)/(a}
(181 atm ? - Py Rgs Ny, iny, By Ing,
(1) (10-(4) | (adamg | emho | (s)eing [omh o |(61eEng
(@)1 [y 4 205 %
n-1 5] -(8)
°p
1 £.885 4032 0.127 [0.127 0.00185|0.05527 p.o433 |0
1(s) |2.8856 4032 127 | a2 2.758 [0.00155 |o 0.03527 |-mmmm—|———-] .0439 |0
2 1.817 3851 080 | .os8 1.759 .00111 .00044 7T S . ——| .0513 | .0128
] 1,144 3870 080 | .0245 1.1195 | .00074 .00031 O3S |-mmmemn|emme= | L0RI5 | L0255
4 TR0 3486 L0518 | .00925 .nors | . .00111 IO 17 NS R, 0128 | .o32s
5 A54 3293 .0198 | .00288 L4E11 | 00022 .00133 1711 S [ . .0085 | .o392
6 .285 3064 0126 | 000700 | .28530 | .00003% | .00147 U R p— —|-—-—| 0025 | .0435
7 .1B0 2858 0078 | 000115 | .17988 | .000022 | .00153 03374 e e .000652| 0455
8 11s 2622 . 0000124 | .11289 | .0000037 | .001548 | .033724 {—-—|-eor— ,000110| .0458
9 o712 2386 00512 | .0000008%7| .071188| .00000046| .001549% | .OFITROS|—m-mem fmomeam 100001 | .0460
e 11 [ 12 | 13 [ 14 15 B | 17 | 18 [ s 19 20 | =2 | ee 22
sta-
t:l.gn, X500 [Tco,r | Togs | Xmy L3l 1 (3) 2 {4) 1 {3)=<(4) 1r (3) 2 (4)
.|
e o [ohs L - ¥ 10.02740 AR, 1 - X, |(9)(16) t, [ 1 1+‘18) 'R
Ty [T (3] (8] ji 1 - ()" (s H(2e) (18) () T-X, .(w:i-_rﬂ_r
(rig. 9) 1+ (18 1/(11} -
3 0.0794 |0.0278|0.0822 (0.7788 | 4.947 4.347
1(a) | .o7e4| .0i76| .0822| .7766 | 4.947 |16.7 |0.5861 [0.7558 10.048 1.0459 [ 0.1768| 1.149
2 0805 . 5.020 [17.5 8661 | .5786 9.584 1.0550 | .1645| 1.5
) B.077 |18.55 | .0796 | .4078 8.978 1.0220 | .1668| 1.158
rl 5,121 |19.66 | .9871 | .9568 8.080 1.0150 | .1s5i| 1.1e6
' . . . I . . . i !
5{ sasr-Feoes Flawms Flmn b orous r.ooss |-~ 1exe F 1.8
s 5.135 | 2p.60 | .9975 | .0GEB 8.071 1.0025 | .1740] 1.207
7 5.101 | 24.60 | .99935| .0160 E.408 1.0006 | .1879| 1.23¢
8 5.050 |27.10 | .89989] .00298 5.115 1.0001 | 1981 | 1.244
9 4.98%8 | 29,95 | .99993| .00030 4.95% 1.0 .2003 [ 1.280
oxxle 84 - 25 28 27 28 50 31 32
ata-
hlon, | m_, T AT, 89,452(25)(86) | {2T)g+(28)py | U A g X,
i | ol ) | (edgre(19)y | (B)g1(2)g —'_('LTLJ'E:, . ﬁw‘—r/:ﬁo iy |RBANEL | ()
Ib/ew £t ag £t t (s1)
TitveeeT 65
1 29.88 0,08908 — OR[N — 7.517€5:105 | 2705.1 | 0.01278 2910 0.9298
1(a) [29.88 02508 S— — R 7.51768 2705.1 | .01278 2787 .9708]
2 30.05 01940 9.6160 1a1 5.8873x10% |13.2058 3634.0 | .01418 2709 1.341
3 50.36 01796 §.28) 181 5,5024 18.7080 4335.5 | 01784 2636 1.641
1 3063 008884 8.554 164 5.1013 25.6098 «a78.5 | . 2588 1.800
5 .e2 005818 7.5875 193 4.7145 28,5041 530.8 | .03218 2507 2.130
8 .95 .005332 8.568 209 4.4044 32,9205 8758 e 2445 £.347
7 1.01 .00RE75 E. 7306 226 4.1611 37.0836 8090 06138 2574 2.585
8 1.03, 0018350 5.2815 236 3.9853 41.0729 8405 .0as2s 2207 £.902
-] .02 001988 5,054 208 . 6628 4. 7558 %89 11845 i 3.083
SYalues same as in column 1%,
* L\ k]
¥y

by

oL
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Distance along nozzle, ft

Flgure 1. - Nozzle contour for constant change of velocity with distance and for constant change
of Mach mumber with distance. Ramjet engine at 60,000 feet and flight Mach number of 4.0;
ethyldecaborane fuel; eguivalence ratioc, 0.6.
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